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Abstract. Quantum computing is a promising emerging field in computational science, attracting
significant international research interest. Data representation is crucial to the success of machine learning
models, and covariance analysis to determine relationships between pairs of random variables is an
essential step in exploratory data analysis. Here we introduce a novel quantum algorithm for covariance
approximation and its circuit implementation for discrete-value vectors. The algorithm leverages vital
components of quantum computing, including amplitude encoding, the Grover diffusion algorithm for
amplitude amplification and the quantum Fourier transform. As a core innovation, we utilize two
quantum states and their properties of superposition product states to estimate the covariance between
input vectors. Evaluating the quantum algorithm’s performance over five discrete-value distributions, we
found high levels of agreement between the classical and quantum computations, with maximum average
errors averaging 0.153. Furthermore, the analysis revealed additional applications of the Grover diffusion
operator to solve problems.

Keywords: amplitude amplification, quantum fourier transform, grover diffusion operator, data analysis,
machine learning

Introduction

Quantum computing (QC) is a promising, increasingly important area of
computational science (Ying, 2010). QC is based on the physics principle of quantum
duality, whereby an electron can behave simultaneously as a wave and as a particle
(Robertson 1943). Quantum computers significantly reduce computing complexity and
can therefore perform tasks much faster than classical computers to quickly process
large amounts of data, potentially performing calculations that are impossible with
classical computers. Consequently, they have the potential to transform many industries,
perhaps most obviously finance, healthcare and artificial intelligence (Piattini et al.,
2021). The parallel processing capabilities of quantum computers could enable them to
perform a greater variety of operations than classical computers (Wiebe, 2020;
Biamonte et al., 2017). Yet because they are sensitive to noise and decoherence
(Nachman et al., 2020; Bennett et al., 1997), building and maintaining a superposition
of quantum computers for parallel processing poses challenges. Currently, there is no
distinction of function between classical and quantum computers, and the same
algorithms can be implemented on both (Peretz and Koren, 2024; Buffoni and Caruso,
2021). However, the use of quantum gates allows classical machine learning algorithms
to be transformed into QC algorithms (Alchieri et al., 2021; Benedetti et al., 2019).
Hence, quantum machine learning (QML) is a young yet rapidly growing field
alongside QC. Ultimately, combining classical computing and QC can provide powerful
means to solve complex problems.
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As QC advances, quantum approximation algorithms (QAAs) have emerged as a
novel approach to handling complex computational problems. In contrast to classical
methods, QAAs use quantum phenomena such as superposition and entanglement to
explore multiple solution paths simultaneously (Self et al., 2021; Farhi et al., 2014). As
a result, solution of many optimization problems, such as integer factorization and
combinatorial optimization, can be significantly speeded up and enhanced (Zhang et al.,
2022; Hadfield et al., 2019). Continued development and refinement of these algorithms
are expected to revolutionize cryptography, machine learning and scientific simulations,
leading to significant advances in science and technology (Willsch et al., 2020; Choi
and Kim, 2019). Data representation is crucial to machine learning models. Classical
machine learning relies on representing data numerically to enable them to be processed
with optimal efficiency and effectiveness by a classical algorithm. Quantum machine
learning poses the same fundamental question: how to efficiently represent input data
for analysis by quantum algorithms (Li et al., 2022; Weigold et al., 2021; 2020).
Quantum machine learning algorithms therefore are directly affected by their own
computational capacity (Koren and Peretz, 2024; Sierra-Sosa et al., 2023; Dilip et al.,
2022; Blank et al., 2020; LaRose and Coyle, 2020). Data can be encoded for ingestion
by gquantum systems by three main methods: (1) In basic encoding, the simplest method
conceptually, a classical string is associated with a computational basis state. Notably,
however, the state vectors quickly come to have mostly zero values (i.e., become
sparse); (2) In amplitude encoding, data are encoded into the amplitudes of a quantum
state. A system of n qubits provides 2™ amplitudes, so amplitude encoding can encode a
dataset of N records over M features using log,(N - M) + 1 qubits; and (3) In angle
encoding, features are encoded into the rotation angles of qubits. Unlike other encoding
methods, angle encoding encodes only one data point at a time, rather than an entire
dataset, and it requires at most M qubits to encode M features. All three methods have
been found to yield better computational results in quantum autoencoders and image
processing (Majji et al., 2023; Shin et al., 2023; Bravo-Prieto, 2021; Romero et al.,
2017).

Grover's search algorithm, a cornerstone of QC, is a search algorithm for
unstructured data. Whereas a classical computer search algorithm requires n operations

(as the input size), the Grover search algorithm involves searching by only vn
operations (Mandal et al., 2014; Cui and Fan, 2010). This algorithm is based on the
Grover diffusion operator, which flips the amplitudes of all states around their mean
(Shi et al., 2017). This process of “inversion around the mean” increases the marked
state's amplitude while suppressing the unmarked state's amplitude (Tulsi, 2015). With
repeated use of this operator, the algorithm progressively concentrates the amplitude on
the target state, resulting in a high probability of its identification (Jang et al., 2021). In
QC, the QFT is an analog of the classical discrete Fourier transform (DFT), but it
operates on quantum bits (qubits) instead of classical bits (Cleve and Watrous, 2000;
Hales and Hallgren, 2000). Leveraging the inherent parallelism of quantum mechanics,
QFT allows exponentially faster solutions than classical methods. The QFT transforms a
guantum state from the computational basis (in which strings of classical bits represent
states) to its frequency or Fourier basis (Vorobyov et al., 2021; Mashhadi, 2019; Zhou
et al., 2017; Weinstein et al., 2001). The steps involved in multiplying two quantum
states in superposition using the QFT are as follows: apply the QFT to both quantum
states separately; perform the multiplication operation in the Fourier basis, which is
equivalent to multiplying the states in the transformed domain; and finally, apply the
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inverse QFT to transform the result back to the original computational basis (Nam et al.,
2020; Ruiz-Perez and Garcia-Escartin, 2017; Moore et al., 2006).

Exploratory data analysis (EDA) is a group of methods designed to examine a set of
data before beginning to build a model incorporating them (Tukey, 1977). In EDA, data
are explored to identify patterns, trends, underlying structures, anomalies and any other
features of interest (Chatfield, 1986; Leinhardt and Wasserman, 1979), with the aim of
developing valid models based the resulting insights (Koren et al., 2023a; Data et al.
2016; Morgenthaler, 2009). EDA comes in three main flavors: (1) In univariate
analysis, one dependent variable is explored (in a dataset, each variable is explored
separately); this may involve statistical analyses, for example of the mean, median,
variance and so on (Vigni et al., 2013; Behrens and Yu, 2003); (2) In bivariate analysis,
the relationships between pairs of variables are examined; these may be numerical,
categorical or mixed variables (Jebb et al., 2017; Cleff, 2014); and (3) In multivariate
analysis, three or more variables are involved (Wang et al., 2023; Wongsuphasawat et
al., 2019; Gelman, 2004). Notably, analyzing the distribution of a dataset significantly
influences the results of the analysis. Furthermore, understanding the distribution can
help to choose appropriate statistical tests, identify anomalies and assess the normality
of the data, among other things, thereby enhancing the reliability, accuracy and validity
ot your results (Koren and Peretz, 2024). As part of bivariate analysis, covariance is a
way to determine whether two random variables are related; in this study, we focus on
discrete random variables. A positive covariance value indicates that the variables
change in the same direction, increasing or decreasing, whereas a negative covariance
describes variables that move in different directions. Besides identifying relationships
between variables, covariance plays a role in statistics and data analysis. It offers an
intuitive method for dimensionality reduction (Zhang and Chen, 2019), feature selection
(Karami et al., 2023; Xu et al., 2023) and more. When interpreting data and constructing
models to extract insights, understanding covariance is essential. Here, we describe a
new quantum algorithm that we developed for covariance approximation-quantum
covariance approximation (QCA)-and its circuit implementation to discrete-value
vectors. The algorithm is based on amplitude encoding (a key component in QC), the
Grover diffusion algorithm (for amplitude amplification) and QFT (for multiplication of
quantum-state vectors).

Materials and Methods
Quantum approximation algorithm

This section presents and describes the Quantum Covariance Approximation (QCA)
algorithm, a novel approximation algorithm for quantum covariance calculation
between two discrete values vectors. The algorithm is based on amplitude encoding, the
Grover diffusion algorithm (for amplitude amplification), and QFT for multiplication of
quantum state vectors. First, we will describe the notations for this study. Second, we
present the algorithm and its procedure. Last, we will present the implementation and
correctness of the algorithm. Table 1 presents the notation used in this study.

Table 1. Notation used in this article.

Symbol Notes
n The input size
X.Yez" Discrete-value vectors of size n
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M A diagonal square matrix of size m with diagonal (V1f,v2i, .., Vm")
G(ID) Grover diffusion operator over the distribution I
a,f,6 €EC Complex coefficients

Quantum gates and logic

Let X, ¥ € Z" be two discrete-value vectors consisting of n elements. The goal of the
algorithm is to approximate the covariance between the variables, which is defined as:

Cov(X, V) = E[(X — E[X])(Y — E[Y])] Eq. (1)

where E[X],E[Y] are the expected values of X and ¥, respectively. The
approximation algorithm consists of three sub-procedures, as follows (Figure 1).

Grover diffusion operator

/= _
o - " — X — —% .
q1 —M— Iy} H X I —{ xll H
q;-m- H El—l-l— —h
-
Repeat vn times

Figure 1. The diffusion box quantum circuit consists of three qubits, although this can be
generalized to higher dimensions with tensor products.

Classical computer preprocessing (state preparation)

At the beginning, the algorithm method transforms each input vector into an
amplitude vector (by classical computer processing) and defines the states, denoted

), [1y,), as follows:

hm>=——3——§;ﬁ§ﬂa
P

Eq. (2)

1 Tt
> [y
noy-li=n
JE-1) Eq. (3)

Diffusion box

Based on the output of the classical computer preprocessing, the algorithm allocates
[log; n + 1] qubits and creates two independent quantum circuits, one for each state
vector. Once the quantum states are initialized, the algorithm applies the Hadamard gate
to move the states into superposition. Thus, the current states can be represented as:

|¢’y) =
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L (=1)¥"]i)

H@logzn X
) Vn Eq. (4)

_S(D¥I))

H@logz mn
) vn Eq. (5)

At this point, where the states are in superposition, the algorithm applies vn times
the Grover diffusion operator and samples the resultant state vectors of X and Y.

QCA

The algorithm uses the diffusion box output and applies QFT to each state. Let
02), |1,L7§) be the transformed quantum states, defined as:

Px) = Zn: 8; i)
i=1

) =) 1)

j=1 Eq. (7)

Eq. (6)

Note that X3, 67 = Dy é‘f = 1. The algorithm multiplies the transformed vectors. The
output state vector represents the product state, denoted |¢):

1) =isf|i>* io}-m =) i+
i=1 =1 iJ

Next, the algorithm calculates the expected value of |¢) using the parameterized
operator M, denoted {(¢|M|@) (Koren et al., 2023b). Last, it returns the approximated
covariance:

Eq. (8)

L(=1?i)
—— (¢lMlg) Eq. (9)
Classical Computer Preprocessing (A)
e L0
e Forag;€EA
-1
o C<—CU{( a; - ;;15) }
e Return C
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Quantum Covariance (X, Y)
e |Y)=2XL,6|i) < DiffusionBox(X)

e |,) =27 ,6lj) < DiffusionBox(Y)
e Apply QFT on both state vectors

o @)« X;;i6:6|i+ )

o Return 270 (4111

Diffusion Box (V)
e v « ClassicalComputerPreprocessing(V)
e Allocate |log, n + 1| qubits

=1
o We([Thl) Thvi
o |Y)« H ®logzn [y = T(=D¥)i)

Vn
e Fori=1tovn
o Apply G(|))
e Return [)

Proof of correctness
Theorem 1 (Grover operator)

Let I be the input distribution and G be the Grover diffusion operator of the
quantum state |y) = X;; x|i), defined as:

G = 2IY)y| -DHD Eq. (10)

The diffusion operator aims to inverse the amplitude vector around the mean
amplitude (denoted p). Its operation includes the transformation (Cui and Fan, 2010):

Vx; € [P): x;|i) = (2u — x)]i) Eqg. (11)

Theorem 2 (Multiplication of quantum states)

Let & € Cbe complex coefficients and let [1p,), |1py) be two quantum states
defined as follows:

n

oy = ) &li)
Z Eq. (12)

i=1

o) =D Blj)
;zl ' Eq. (13)
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The two quantum states can then be multiplied by the following process (Zhandry,
2012):

1. Construct states separately:

(Z a1|r}) Zﬁj i) :Zﬁigﬂf-ﬁ

: L Eq. (14)

2. Add vector ‘in superposition’:

D abilip =) adliji+))

i i Eq. (15)

3. Decode in reverse:

Y ablijiti =) abli+))

7 7 Eq. (16)

Proposition

The QCA algorithm inputs X, Y € Z™ and estimates the covariance between X and Y
via quantum procedure.

Proof

Let X = (xq,%5,...,x,) and Y = (v, ¥4, ..., ¥,) be input vectors consisting of
discrete values. The method transforms each to amplitude vectors, denoted [i,.), |1, ),
according to Eqns. (1) and (2). Because encoding the vectors into a quantum state
requires division by the vector values, we added 1 to all values to avoid a division-by-
zero condition. Also, to support QC constraints, the amplitude vector of X must satisfy:

le
Il = —— ( )_ n 1Zn iy

i= lx- i= lx i= lx EQ(17)

The same holds for |1p},). A quantum system of n qubits provides 2™ amplitudes, and
encoding each vector requires the use of O(log, n) qubits (in cases where the length of
the vectors is not to the power of 2, zeros are added, as their values do not change the
calculation). Next, the method creates an independent quantum circuit for each state
vector and applies the Hadamard gate to move the states into superposition. Thus, the
current states can be represented as:

Ti(—1)¥=1 i) _ X (—1)¥=1 i)
V2logz n Vn Eq. (18)

HO®08:"|y,) =
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oz ) = (=¥ 1)
: Vn Eq. (19)

At this point, where the states are in superposition, the method applies vn times the
Grover diffusion operator and samples the resultant state vectors of X and ¥. According
to Eqgns. (5) and (6), the output vectors represent the standardization of X, ¥ around their
mean amplitude. In analogical to classical computer computation, the current states after
diffusion represent X — E[X] and Y — E[Y], respectively. Note that in the Grover search

algorithm, the mean amplitude u = iﬁ holds for uniform distribution of each state. In
N

this study, the mean amplitude is a dynamic value that is dependent on the vector

distribution. Next, the algorithm applies QFT to each state. Let |¢), [,) be the

transformed quantum states, defined by Egns. (3) and (4), such that

r, 82 =37, 67 = 1. According to Eqn. (7), the product state of [1),) and [15,,) can

be calculated by separately constructing the product vector.

(Z 6;—|i>) ® (Z J m) =D 88l
i=1 j=1 Lj

Then, by Eqns. (8) and (9), applying addition in superposition yields a new quantum
state, denoted |¢):

z 8:8;]i.7) = Z 86,11, 7,1+ j)
ij iJ

6y =Y 85li+))
Lj

Eq. (20)

Eq. (21)

Eq. (22)

Let M be a diagonal square matrix of size m with diagonal (1,2, ..., m), where m is
the maximum value of X and Y. The algorithm calculates the expected value of |¢)
using the parameterized operator M, denoted {¢|M|¢@). Last, the Hadamard gate is
applied again and the method returns:

(=121
N P10 == (plMlg) = 21D (g )
I- Vn Vn Eq. (23)

Empirical study
Esperimental procedure

To assess and evaluate the results of the proposed method, we compared five
discrete-value distributions: (1) Binomial distribution, Bin(n,p)  with a success
probability of P in a total of 7 trials; (2) Negative binomial distribution, NB(n, p), with
the same parameters as for the binomial distribution; (3) Uniform distribution between
a,b € N, denoted U(a, b); (4) Hypergeometric distribution, HG(N, D, n), with a total of
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N items, D ‘marked’ items and n trials; and (5) Poisson distribution, Pois(4), where A
is the expected value of events in an interval of time. For each distribution, we
performed the following experiment: (1) We sampled two random variables of size
10,000 from the distribution; (2) We compared the results of our method with those
from classical computation of covariance over the following parameters: a. For the
binomial and negative binomial distributions, we compared the success probability
between 0.1 to 0.9 with step of 0.1; b. For the hypergeometric distribution, we
compared the values {Zi ‘3 < i < 9} of the number of ‘marked’ samples; c. For the
Poisson distribution, we compared A = 0.5 and A = 5. The rationale for examining
these parameters relates to the properties of the Poisson distribution: for 0 < A < 1, it

holds that 0 < a<a Thus PX=k)=e"— has the highest value when k = 0, and

the distribution decreases exponentially as 4 mcreases (i.e., is right skewed). Otherwise,
as long as A — oo, the Poisson distribution approximates the normal distribution with
symmetry around }l.

Simplified demonstration

Consider the application of the QCA method over two discrete-value vectors-for
simplicity of explanation, vectors that require one and two qubits are used (a broader
comparison, including additional distributions, can be found in the next section).

One qubit vectors
Let X = (2,4) and Y = (2,3) be the input vectors. Calculating the covariance using a
classical computer yields:
(2-3)(2-25)+(4-3)(3-25)
2-1 B Eq (24)

Cov(X,Y) =

Because X,Y € R? one qubit is required to encode each vector in the quantum
circuit. The initial states are:

L (L i)=Y B
W”"}_Jm(v’im”ﬁ'”) 3 |0) + 3 |1)
273 Eq. (25)
1 1 V15 V10
) = =100+ 1) =10 + 5= 1)
313

Eq. (26)

Once both vectors are encoded into quantum states, the algorithm applies the Grover
diffusion operator. The output vectors (in superposition) are:

V3 Ve
|’P.x)=?|0}+?|1:’ Eq. (27)

v’ﬁ V15
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Next, the algorithm applies QFT and adds the vectors in superposition. After
normalization, we obtain the new state vector:

) = 0.605[0) + 0.79601) Eq. (29)

The algorithm calculates the expected value of |¢) using the parameterized gate M:

(lMip) = 67 (M) = (28%5) ([3 4 (“-605)) - 1.633

0.796 0.796 Eq. (30)

Last, the sign is determined by (—1)° and the approximate quantum covariance is:

(_1)0-1633—0816
2 T Eqg. (31)

The recorded difference between the classical and quantum covariance is 0.184.

Two qubit vectors

Let X =(2,4,6,8) and ¥V = (2,2,4,2) be the input vectors. Calculating the covariance
using classical computer yields:

Cov(x.7) — (2-5)(2—25) J; - ;r 8-52@-25 . c0 2)

Because X,Y € R* two qubits are required to encode each vector in the quantum
circuit. Figure 2 presents the qubits of X and Y before and after application of the
Grover diffusion operator. The new state vector, |@), is the result of applying QFT to
both states and performing addition in superposition. After normalization, we obtain the
new state vector:

) = —0.369]00) — 0.469|01) — 0.593|10) — 0.541|11) Eq. (33)
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) Ipy)
qubit 0 qubit 1 qubit 0 qubit 1
|0) |0) 10) |0)
Before e,
/
F ? / y e y
X X X X
1) 1) ) 1)
qubit 0 qubit 1 qubit 0 qubit 1
|0) 10) [0) 10)

After / ¥y / ke o ; / 9
X X X X

1) 11) 1) 1)

Figure 2. The qubits of |i,.) and |1,b},) before and after application of the Grover diffusion
operator.

The algorithm calculates the expected value of |¢) using the parameterized gate M:

T

—0.369 1 0 0 0]/-0369
_ 7 _ [ —0.469 0 2 0 0ff—0469 | |_
(IMip)= ¢ (MP) = _ 503 0 0o 3 of{-0503)]|=*%
—0.541 0 0 0 4/\-0541
Eq. (34)

The sign is determined by (—1)* and the approximate quantum covariance is

(_1)4-2304—0?01
4 T Eq. (35)

The recorded difference between the classical and quantum covariance is 0.034.

Results and Discussion

As an empirical assessment of our QCA QC method, we compared the results
obtained using this method to those obtained through classical computation for the five
discrete-value distributions defined in the previous section. In addition to comparing the
covariance results, we calculated the average error between the classical and quantum
calculations by averaging all the absolute differences between the classical and the
quantum computation for each distribution. For the Poisson distribution with A = 0.5,
the classical computation yield a covariance of 0.347, as compared to QCA with 0.253.
In the same manner, for A = 5, we obtained values 0.102 and 0.069 for classical and
guantum computation, respectively. Thus, the average absolute difference for the
Poisson distribution is 0.063, indicating a high level of agreement between the methods.
Figure 3 compares the Classical Covariance (CCOV) computation and our algorithm
(QCA) over the binomial distribution with different probabilities. A more detailed
comparison between the methods, for both the binomial and negative binomial
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distributions, is shown in Table 2. The highest difference (0.415) recorded in the
binomial distribution occurred in a probability of 0.3, while the smallest (0.028)
occurred in a probability of 0.5. Table 2 shows that the average absolute difference of
the binomial distribution is 0.150, whereas that of the negative binomial is 0.157.
Because the error values do not have an upper bound and can have values >1
(depending on the distribution of the data), we conclude that our QCA algorithm
succeeds in estimating the classical covariance.

Table 2. A comparison between classic and quantum covariance over the binomial and
negative binomial distributions.

Probability Binomial Negative binomial
CCoVv QCA Error CCov QCA Error
0.1 0.177 0.349 0.172 -7.494  —7.282 0.212
0.2 -0.418 —-0.453 0.035 -2.928  -3.193 0.265
0.3 1.334 0.919 0.415 -0.305 -0.449 0.144
0.4 -0.125 -0.341 0.216 0.317 0.224 0.093
0.5 0.136 0.108 0.028 -0.163  -0.208 0.045
0.6 0.163 0.101 0.062 0.049 0.102 0.053
0.7 0.18 0.405 0.225 0.001 0.075 0.074
0.8 0.071 0.028 0.043 -0.067  -0.035 0.032
0.9 —0.392 —0.236 0.156 0.013 0.014 0.001
125 2 -@- CCOV
I -@- QCA
1.00 i
0.75
:f; 050
5 *
S ) Lo
\ s.———j.' \.
0.00 \\ / N
-0.25 T \’
0 .
-0.50
0.1 0.2 03 0.4 05 06 0.7 08 09
Probability

Figure 3. Comparison between quantum and classic covariance calculation over the
binomial distribution. The dashed lines indicate the absolute differences between the
computation methods, which determine the average difference.

The results for the hypergeometric distribution (Table 3) are predictable and
demonstrate the algorithm's reliability. First, the average absolute difference is 0.050,
which is relatively low and close to zero. Second, for a low value of ‘marked’ items, the
covariance yields values around zero, characterized by the hypergeometric distribution
function, following the many ways to select these ‘marked’ items. Thus, there is a low
probability that a relationship between these variables will indeed be obtained. On the
other hand, for higher values of ‘marked’ items, the covariance achieved non-zero
values, as expected given the properties of the hypergeometric distribution. To examine
the QCA outputs and the absolute error distribution over different inputs, we performed
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polynomial interpolation (Nakamura, 1995); the result is shown in Figure 4. Because
this comparison is between discrete values (and not distributions), the polynomial
interpolation involves constructing a polynomial function that passes through the
values. Based on Figure 4, we conclude that there is strong and consistent agreement
between the classical and quantum computations of covariance. However, several noisy
values in the binomial distribution require further analysis.

Table 3. A comparison of the hypergeometric distribution over different values.

D 8 16 32 64 128 256 512
CCov 0.002 -0.007 0.107 -0.374  -0.219 0.362 0.178
QCA 0.008 —0.003 0.141 -0.279  -0.316 0.290 0.135

Negative Binomial

Binomial

Hypergeometric

Figure 4. Polynomial interpolation of CCOV and QCA absolute difference errors.
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Conclusion

Here, we propose a novel quantum algorithm, quantum covariance approximation
(QCA), based on amplitude encoding and amplification (the diffusion operator) and
variation of QFT, for the multiplication of quantum-state vectors. Its innovative aspect
lies in the novel procedure for estimating the covariance of two discrete-value vectors in
quantum circuits and operations. We tested the QCA algorithm over five discrete-value
distributions, yielding the following main conclusions: (1) Analyzing the averages of
the differences between the classical and quantum calculations yields differences of
0.150 for the binomial, 0.102 for the negative binomial, 0.153 for the uniform, 0.063 for
Poisson and 0.050 for the hypergeometric distribution. As these values have no upper
bound (i.e., their values depend on the input distribution), we conclude that QCA
accurately estimated the covariance among these cases; (2) For the binomial
distribution, agreement was obtained between all the compared experiments except for a
case of probability 0.3. In this case, the absolute difference recorded was 0.415, much
higher than the other values. This result could have been due to two main causes: first,
the input data are random variables, and it is possible that noisy data were obtained
during the iteration. Second, this noise may have arisen from the way that quantum
computers works; (3) Generally, the Grover diffusion operator aims to amplify the
amplitude around the mean for searching in unstructured data. This holds only for a
uniform distribution of the input vector amplitudes. Here, we used the Grover diffusion
operator on purpose to invert a state vector around its mean amplitude to find an
approximation for the input vectors' standardization.

The main limitation of the QCA algorithm relates to the input type: the algorithm
was designed and tested on random distributions of discrete values only, and thus is not
suitable for distributions of continuous values. In addition, several factors could affect
the accuracy of the results, including the quality of the data and the total number of
shots over the quantum simulator. An incorrect adjustment of parameters or a lack of
data could also cause this method to fail in approximating the covariance between the
input variables. Future work should examine two main issues: first, the potential for
generalizing the QCA algorithm to support continuous value distributions, and second,
and its use as a °‘black box’ for building other algorithms, such as quantum
dimensionality reduction.
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