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Abstract. In this paper, firstly considering that in separable states, the measurement of one particle has no
effect on the measurement of the second particle, we show that Alice and Bob can find directions in
which the results of their measurements on the spin of the particle are always maximized. In other words,
the state of the particle is an eigenstate for the operator that is applied in that direction, so the sum of the
spins of two particles can have a maximum value. We will argue that in entangled states, due to the effect
of particle measurement results on each other, Alice and Bob cannot find the desired operators. Therefore,
in such measurements, the total spin of the particles will always be less than the mentioned maximum.
But we ask them to try and measure in directions that will get the most value. Because this value is
maximum for separable states and minimum for fully entangled states, and for the rest of the states, it will
be proportional to the degree of entanglement between the two maximum and minimum values, we set
this parameter as We are calling it the "separability index". Then, based on this index, the measure of
entanglement was introduced and extended to states with higher dimensions. In the end, examples of di-
qubit states di-qutrit states, and di-qudit states were investigated and the efficiency of the measure was
confirmed by the results of the examples. Considering that in this measure, the values of entanglement are
calculated based on the expectation values and we can measure the expectation values in the experiment,
we hope to be one step closer to the testability of the entanglement value.
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Introduction

Entanglement is one of the most suitable resources for quantum information
processing and also it has many applications in quantum information and quantum field
theories (Sarkar, 2016). For this reason, knowing the entangled states and determining
their entanglement value is of great importance. Considering the importance of
entanglement in quantum mechanics; various measures were introduced to determine
the degree of entanglement of states. Among these measures, we can mention the
geometric measure that was first introduced by Abner Shimoni in 1995 based on the
minimum distance between the desired state and separable states (Shimony, 1995).
Then, in 2015, the spin expectation value method was used as a method for calculating
the geometric measure for qubit states, which considers the multi-qubit state as a two-
component state and the entanglement value of one component calculates with the rest
of the system (Frydryszak and Tkachuk, 2012). In this paper, we intend to introduce a
measure for qubit states without using relations and concepts of geometric measure and
completely independently, by using the effect of entanglement on the expectation values
of Pauli operators. Then we generalize the problem for qudit states as well. The
advantage of this measure is that not only it is based on the concepts of entanglement,
but it also calculates the value of entanglement for the entire system and it is not like
this that calculates the amount of entanglement of a component with other components
of the system.

The qubit states are eigenstates of Pauli operators
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Consider the state‘y,>:%(‘o>+‘1>), which [O)and [1) are eigenstates for the
2

o, operator with 1 and -1 eigenvalues. The expectation value of this operator on this
state is 0, but we know that it is an eigenstate of the &, operator, that maximizes the

expectation value of this operator. So, we can rotate the Stern-Gerlach device in the
X direction and after measuring, get the expectation value of 1. Generally, for every

arbitrary qubit state |z)=a|0)+ 1) direction like n can be found, where the state
| x) is the eigenstate of the operator &, with the eigenvalue of 1. The expected value of

the operator &, in this state will be 1. Finding this operator and finding this direction is
an easy task for single-qubit states.

What about two-qubit states?

Now we examine the problem for two-qubit states. First, we consider a separable
two-qubit state|y/) =| A)|B). Suppose: qubit A is in the possession of Alice and qubit B

is in the possession of Bob. Alice can always find an ; operator whose |A)is an
eigenstate with an eigenvalue equal to 1 and also Bob can find an o, operator for|B>.
To calculate the sum of expectation values of operators &, and o, in|\|1> ; we have (Eqg.

2):

(Wloilw)+{y]oolw) = (AB|o:| AB) +(AB|c;| AB) = 2 Eq. (1)

Now let us consider the fully entangled state|¢>:%(|01>+|lo>), For this state,

according to the concept of entanglement, Alice cannot find an operator whose state |¢>

is its eigenstate, because in this case, after measuring, Alice always assigns a value (the
corresponding eigenvalue) to he gets it and basically, such a thing is against the
definition and concept of entanglement, which says that the measurement results of
Alice and Bob are dependent on each other. Bob will have a similar situation.
Therefore, for entangled states, the sum of expectation values for the whole system
becomes less than the value of the relation (1). We divide the sum of the maximum
expectation values that Alice and Bob obtain by rotating the measurement direction
among the components of the system and call it the “separability index™ of the system,
which is generally for systems N-Partial is defined as follows (Eq. (2):

_ max (o, )+ max (o, )+...max (o, )
’ N q. ()

With this definition, y will always be equal to 1 for separable 2-qubit states. The

guestion may be asked why, in the case of deducting the relationship (2), the maximum
expected values were used. In the answer, it should be said that for separable states, Bob
and Alice have the freedom to choose the Pauli operators to obtain the expectation
values of each qubit between -1 and 1, that is, for the sum of the two-qubit expectation
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values, It varies in [—2,2] range. But for entangled states, this freedom of action is lost,
and depending on the amount of entanglement, the sum of expectation values will be a
number in the [-2,2] range, and the higher the entanglement of the state, the closer this
number is to the center of the interval (zero here), so that for the completely entangled
state, this value is equal to the average of the eigenvalues, that is, it becomes zero.
Therefore, to distinguish between separable and entangled states, we ask Alice and Bob
to try to find a direction for each of them that will measure the highest possible

expectation value of their qubit. For the separability index to fulfill our purpose well, its
value should be zero for fully entangled qubit states. For this purpose, we examine the

relation (1) for the fully entangled state |¢>:%(|01>+|10>) in the matrix

representation.
First, we obtain the &, and &, matrices (McMahon, 2007). According to

oi = 0SNG COS @, + &, SN G;Sin @, + -,cos @; Where g, is the polar angle that the 4
operator makes with the z axis in the Blach sphere and ¢, is the directional angle that
the &; operator makes with the X axis in the Blach sphere (McMahon, 2007):

oS 9, 0 e'7sing, 0
0 oSG, 0 e '#sin g,
o1=c®l=|
e'”:sin g, 0 A 0
ipyci _
0  e“sing, 0 COS 6, Eq. (3)
cosg, e '”sing, 0 0
e'2sing, —cosg, 0 0
0:=1®¢,= -pygj
0 0 cosg, e '?zsing,
0 0 e'?2sin g9, Ccos g, Eq. (4)
0
oS g, 0 esin g, 0 1
Wlolp=[o L L o] © cos g, 0 esing | V2|
1 V2 2 )jesingg 0 —cosg, 0 L
0 ei‘/’lsin 01 O —CO0S 01 '\/E
0
Eq. (5a)
0
cosg, e '”:sing, 0 0 1
1 1 e'2sing, —cosQ, 0 0 V2
<¢|O'2|¢> ( 2 2 J 0 0 cosg, e'”sing,| 1
0 0 e#sing, —cosg, )| V2
0
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Eq. (5b)

Therefore, the separability index () becomes zero for the fully entangled state. For

the state|y) = %(|00> +/01)+|10) +|11>), the expectation values will be as follows:

(0y) =cosg;sing; = max(o;) =1 Eq. (6)

(0,)=cosp,sing, = max(c,)=1 Eq. (7)

So separability index is equal to 1 and the mentioned state is a separable state.

Definition of entanglement measure

Now, we can define the entanglement measure by using the separability index as
follows:

== Eq. (8)

According to this relation, the value of the measure for the separable and fully
entangled states introduced in section 2 will be zero and 1, respectively. This measure
has all the necessary characteristics, including uniformity of entanglement under LOCC
transformations (Horodecki et al., 2009), maximum value for Bell states, and zero value
for separable states.

Example 1
1 V3
We calculate the entanglement of the state|y/) = §|OO> +7|11>
c0s 9, 0 e '1sin g, 0 1
1 0 COS 6, 0 e sing, || O
==(1 0 O ) =——CO0S
Wloy) 4( ) e'?isin g, 0 —C0S 0, 0 0 O
0 e'7isin g, 0 —cosg, )\ 3
cosg, e '’zsing, 0 0 1
1 g'2sing, —cosg, 0 0 0 1
=={1 0 0 «3 . =——-C0S
Wlolw) 4( \/—) 0 0 cosg, e '”sing, || O 20080
0 0 e'”2sing, —cos@, )\ /3
max({ o, )+ max(o 1 1 1
2 2 2 2
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With this method, the value of % is obtained for |Z>:i|00>

5

Now, for

+ 2 1),
5
comparison, we calculate the entanglement of these states using the concurrence

measure. We must write the state in the form of the basis vectors of the two-component
1 .. .
system as|y) = Zi o i, j). Then concurrence measure is calculated as follows

(Wootters, 1998; Hill and Wootters, 1997):

1 3

C = 2|agydy; ~8gay0| = C(w) =2 EXT_O _

V3

2

And concurrence measure for |;(> is obtained:

1 2
ot

In the next example, we can see that, as mentioned in the introduction, unlike the
method proposed in the article (Frydryszak and Tkachuk, 2012), which calculated the
entanglement for only two components of the desired state, this measure, in the
entanglement. It calculates in general and for all state components.

4
5

Example 2

Entanglement computation of 3-qubit states. At first, we obtain &,, &,, and o3
matrices.

cos @, 0 0 0 e '%sing, 0 0 0
0 cos @, 0 0 0 e %sing, 0 0
0 0 c0s @, 0 0 0 e %sing, 0
Y 0 0 0 c0S 9, 0 0 0 e '”sing,
e'”1sin g, 0 0 0 —C0S 0, 0 0 0
0 e'1sin g, 0 0 0 —C0S @, 0 0
0 0 e'sin g, 0 0 0 —C0S 4, 0
0 0 0 e'1sin g, 0 0 0 —C0S @,
0S4, 0 e '2sing, 0 0 0 0 0
0 €0s 6, 0 e '2sing, 0 0 0 0
e'”2sin g, 0 —C0S 6, 0 0 0 0 0
2= 180,®1 = 0 e'zsing, 0 —C0s 0, 0 0 , 0. 0
0 0 0 0 C0s g, 0 e '?2sin g, 0
0 0 0 0 0 c0s g, 0 e ?2sing,
0 0 0 0 e'?2sing, 0 —C0S 9, 0
0 0 0 0 0 e'zsing, 0 —C0S g,
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C0s@; e '”sing, 0 0 0 0 0 0
e':sing,  —C0SP; 0 0 0 0 0 0
0 0 CoS@; e '”sing, 0 0 0 0
a= 11 ®gam 0 0 e'”:sing,  —CoS@; 0 O. 0 0
0 0 0 0 co0s@, e '?sing, 0 0
0 0 0 0 e'ssing,  —C0S@s 0 0

0 0 0 0 0 0 c0sg, e ”sing,

0 0 0 0 0 0 e'%:sing,;  —C0S@,

If our state is like this; |¢) = %|011> + %|100> ;

<¢|m|¢>=—§c0391 : <¢|62|¢>=§C0502 : <¢|g3|¢>=§cosg3

9
7=max<al>+max<az>+max<03>:§:§ :>E=1—§=Z
3 3 5 5 5
1
And for W) =—=(/001)+|010)+|100)):
W) =—7(1001)+/010)-+100)

(¢|m|¢)=%cosel : <¢|o‘2|¢>:%00592 , <¢|o‘3|¢>=%c0803

.o max (o, ) +max (o, )+ max (o) _

1 =E=1-
3 3

To calculate the entanglement of these two three-qubit states by the concurrence
measure, we should use the generalized form of the concurrence measure. Concurrence
for pure three-component states is defined as follows (Swain et al., 2022):

Where p,, is the reduced density matrix of both arbitrary components. The density
matrix of state |¢) is as follows:

’, :%|011><011|+§|011> <1oo|+§|1oo> <011|+§|1oo> (100|

(0]5/0) = £ (0]011)(014/0) + (0]011)(200]0) + (0]100) (010) + £(0]100)(00]0) = £[10) 10

1 p, 1) = %@\ 011)(011]1) +§<1\ 011)(100[1) +§<1\1oo> (011]2) +g<1\1oo> (100[1) = %\ 01)(01]
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0 00O
4 1 0 % 0 0
==> Ppe :§|10> <10|+§|01><01| = .
00 -0
5
0 00O
Similarly, for p,. and pg. we get:
0 00O
1
4 1 0 c 0 0
=—[10)(10|+=[01){01| =
he 5| 5 4
00 =0
5
0 00O
4 0 0O
5
4 1 0 00O
=— —111) (11| =
0 00O 1
5

Tr(p;) is % for all three matrices. Then:

Cu () =\20-Tr(p}) = 200 =2

And for |W) = (|001>+|o1o>+|1oo>)

SI

o Wik
o
o
o

Pm = Pag = Pac = Prc =

o

O Wl Wk
O Wl Wk

QUANTUM JOURNAL OF ENGINEERING, SCIENCE AND TECHNOLOGY 5(3): 1-13.
elSSN: 2716-6341
WwWw.gjoest.com



Zeheiry: A study of quantum entanglement measure based on the expectation values of Pauli operators.
-8-

Cu (P) = 20-Tr(pi) = 202 =¥

We see that for all four compared states, the concurrence measure calculates more
values than our measure.

Generalization to qudit states

Now we want to generalize the measure for 2-qudit states. The relation (8) for 2-
qudit states is written as follows:

E=Amx—% Eq. (9)

In this relation, the J.. IS the largest eigenvalue of the o operator for the desired

dimension and it is used to adjust the value of the measure so that for separable states, the value
¥ (separability index) is equal to 4., , t0 the measure value obtain zero. Also, for the fully

entangled state, when the value of 7 becomes zero, the value of the measure will result in the
largest eigenvalue. Because according to part 2 of this article, the separability index () was

defined in such a way that for the separable state, Alice and Bob found operators that would
obtain the expectation value of the state equal to the maximum eigenvalue of the operator. It is

obvious that the value of A, is 1 for qubit states, 2 for qutrit states, and D —1 for qudit states.
D is the qudit dimension. For N-qudit states, relation (2) should be corrected as follows:

_ ay|max (o, ) — |+ a,|max (o, ) — 1| +...+ oy |max (o ) =1,
N Eq. (10)

I

In fact, the target is to find the distance between the maximum expectation value of
the generalized Pauli operator of the i nd component of the desired state (max <ai )) and

the minimum absolute value of the expectation value that is specific to the fully
entangled state #,. Therefore, the value of 7, is the average of the eigenvalues related to

the states of the single particle (part of the state), which is calculated from the following
relation:

_ |li1+/1i2+---+/1i||
' Eq. (11)

where j is the number of state components that range from 1 to | and i is the
number of desired qudit that varies from 1 to N . For example, in the 2-qutrit state

|¢>:%|oz>+§|1o>+%zo>+%1z>

qutrits) and the j is between 1 and 4. The meaning of j; is the eigenvalue related to
the ind qutrit in the jnd component of the state. For example, in the latter state, the
a3 IS the eigenvalue related to the third component of the state (which is its coefficient

, the 1 is between 1 and 2 (the number of
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6

is 76) and its second qutrit, which is |0). So A,,=2. The parameter 7 shows the

expectation value of the operator in a fully entangled state made of the existing
eigenstates. In fully entangled states, the expectation value is the average of the
eigenvalues. For qubit states, since there are two eigenvalues 1 and -1, the 77 becomes

zero. But, in qutrit states, if the desired state is from the combination of |0) and [1) or
|1) and|2), the value is equal to 1, and if it is from |0) and|2), this value becomes zero.

If the state is a combination of all three |0) |1) and|2), the value of 7 becomes zero.
This measure gives a value other than zero for some separable states. For example, the

1 1 1
o+ Y+ 12),
but we know that this state is separable. Therefore, caution should be used in using this
measure for separable states, and it is better to first by a method determine whether the
state is entangled or separable and then use the measure for entangled states. Finally, |
must state the necessity of the « coefficient in equation (10). According to the fact that
in relation (9), the A, IS used in some states; For example, in D=4 (the qudit states

with dimension 4), the eigenstate |L) where the eigenvalue is equal to 1 and it is

different from the maximum eigenvalue that is 3, therefore, to calibrate the measure and
to make the measure value equal to zero for the separable state, the o coefficient
defined in the following relation is used:

value of entanglement will not be zero for a state like|¢) =

Amax _ | A max
=
i“uij _77i| ].Z:J/lu‘ _ni|

j=1

ai:}
|

Eq. (12)

In relation (10), the ;'s are the same generalized Pauli matrices that we write here

their matrix representation for 3 and 4 dimensions in the computational basis to remind
the reader:

20050 26 ’sind 0
on=|/2"sind 0 J2e sing | for D=3 Eq. (13)
0 J2esind  —2cosé
3c0s8  f3e ’sind 0 0
“sin 6 cos & “#sing 0
on= J§e _ 2 . for D=4 Eq. (14)
0 2¢sind  —cosf  [3e ’sing
0 0 J3e’sind  -3cos@
Example 3
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The entanglement of 2-qutrit states. Based on the relation (13), for g;=5,®1 and
o= 1 ®g, we will have:

2¢0s 9, 0 0 J2e sing, 0 0 0 0 0
0 2¢0s 9, 0 0 J2e sing, 0 0 0 0
0 0 2¢0s @, 0 0 J2e "singy 0 0 0
J2e'"'sin g, 0 0 0 0 0 J2e 'sing, 0 0
1= 0 J26'sin g, 0 0 0 0 0 J2e sing, 0
0 0 J2e''sin g, 0 0 0 0 0 J2e “sing,
0 0 0 J2e'"sin g, 0 0 —-2¢0s 6, 0 0
0 0 0 0 J2e'"'sin g, 0 0 —2c0s ¢, 0
0 0 0 0 0 J26''sin g, 0 0 —2c0s 9,
2¢0s6, J2e "sing, 0 0 0 0 0 0 0
J2e'"sing, 0 J2e "sing, 0 0 0 0 0 0
0 J2essing,  —2cosg, 0 0 0 0 0 0
0 0 0 2¢0s6, J2e "sing, 0 0 0 0
2= 0 0 0 J2e'"sing, 0 J2e sing, 0 0 0
0 0 0 0 J2e'sing,  —2cosg, 0 0 0
0 0 0 0 0 0 2059,  +f2e "sing, 0
0 0 0 0 0 0 J2e'sing, 0 J2e sing,
0 0 0 0 0 0 0 J2e'ssing,  —2cosg,
1 J3
If we want to calculate entanglement for state|#) = =|02)+——|20), we have:
2 2
Mo“‘/lz‘ ‘2"‘—2‘ Mz“‘ﬂl‘ ‘_24’2‘
(0,)=—c0s9,  (0,)=C0s, , m 5 5 0 X 5 5 0
o = A _ 2%2 4 4 N _ 2*2  _
$i—n| [2=0+}2-0 S 20 -m| [2-01+[2-0
j=1 j=1
a1‘max<01>—771\+‘max<az>—772\ 1+1
E= ﬂymax - = 2 -—=1
2 2

And for|¢>=%|o1>+%zo>:

3 do+ Al [2+-2 i+l 0+2
(o) =—cosgr  {o;)=2cosg, m=¥=%:o - :%:%:1
| A mx 2*2 | A 2%2
0!1: 1 = :l a2: | = :2
Z‘Mj"h‘ ‘2_0‘-'—‘_2_0‘ Z‘ﬁzj_ﬂz‘ ‘0_1""‘2_1‘
= j=1
0!1|maX<0'1>—771|+|max<o-2>_772| 1+1
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At a glance, we can see that the above two states have equal entanglement. During
the calculation, we obtained different numbers for the expectation values and 7 and «,

but finally, we saw that the entanglement values were equal. Now we will check some
other states.

Example 4
Now, for the two-qutrit state which is 1=3, for example, the
1 1 1
state|g) = —=|00)+ —=|11)+ —=|22) :
9)= 5100+ 1)+ [22)

Aot At A [2+0-2 Ao+ M+ ) [2+0-2
=0 (om0, gt B0l perdend PR
o M 32 3 dm _ 32 3
1 j'zﬂ\zlj—nl\ 2 +[o+]-2 2 gmzj_m‘ 2[+[0+]2 " 2

310-0/+3j0-0)
E:/Imax_al‘max<01>_771‘+a2‘max<02>_772‘:2_2 2 -2

2 2

In this example, we know that due to the fact that the expectation values and r have

become zero, the « values are ineffective, so we can not calculate them. Taking into
account that for calculation 77, we obtain the average of the possible eigenvalues for the

desired qudit, therefore, we note that we avoid using A repetitious in 7 calculations,
otherwise, there will be an error in the calculations. For example in state

) :%|00>+%|11>+%|20>, this is how we act:

Ao+ a+ s [2+0-2 Ao+ A1 [2+0|
= = =0 p=—7F—=——=1
3 3 2 2

1
(07) =§cosg1 (0,)=c0sg, , m

_ w372 3 _ A 3*2 _
a, = o, = =2

_ 3, .
J_'zl|zl,-—nl| 2+ [0[+-2 2 ,-IZJM‘”J 2-1+0-1+2-1

31 g
_al‘max<0'1>—771‘+062‘maX<<72>—772‘_2_23 _ !
2 B 2 4

+2[1-1

E:/lmax

Example 5
The entanglement of qudit states of D=4. For the 2-qudit state

|¢>:%|01>+%|1o

>, we calculate:
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3 1+3
<61>=%cosel <Gz>=§cosgz , 771:\/1072/11\:%:2 772:@:%:2
o, = Iﬂmax _ 2*3 _ o = I/’Lmax 3 2*3 ~
17 = — = _ _
-Z;l‘ﬂlj_nl‘ ‘1—2“"‘3—2‘ le‘lzj_nz‘ ‘1_2‘+‘3_2‘
j= >
7 13
o[ max (o) |+ max(er) | %5775 7 6
E=mx— > s : :g

And for the 2-qudit state |¢) =

1 2
£|03>+£|30>

<Gl>:—%cosal , <02>:%cosgz , ,71:@:@:0 ‘ ’72:&210‘:@:0
alz : I/Imax _ 2*3 -1 az: I |ﬂmax _ 2%3 1
ST EE R AR
j= =
9 9
E- al‘max<0'1>—771‘+az‘max<o-2>_,72‘_ 1g—0 +lg—0 6
= Amax — 5 —3_ S -2

Also for the 2-qudit state |¢) = 1):

1 2
Fhae 2

<al>:—gcosel : <Uz>=§°0592 ' '71:@:¥:0 ' HZZ@I%ZO
o = Iﬂmax _ 2*3 _ a. = Iﬂmax _ 2*3 =3
1= 7 - - 271 B -
-] [1-0[+|-1-0] DIVHETA [-1-0]+[1-0]
j= =
3 3
3--0+3|--0
al‘max<01>—771‘+a2‘maX<02>—772‘ S " S 6
E:ﬂ,max_ 2 :3_ 2 :g

In example 5, we can see that despite the different values of the parameters 7 and «

as well as the expectation values for different states, the same values of entanglement
have been obtained, which is expected and this shows that the relationships correctly
define an efficient measure.

Conclusion

The introduced measure is based on the concept of entanglement and its effect on the
expectation values of Pauli operators. According to the mentioned examples, this
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measure determines the amount of entanglement of N-qubit states well. Also, this
measure calculates the entanglement of qudit states well. The measure value is equal to
Amex TOr fully entangled states, which is equal to 1 for qubit states and equal to 2 for

qutrit states, and in general, for other qudit states, it is equal to the D —1 value, which
D is the qudit dimension.
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